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We study path problems in skew-symmetric graphs. These problems generalize the s tandard 
graph reachability and shortest path problems. We establish combinatorial solvability criteria and 
duality relations for the skew-symmetric path problems and use them to design efficient algorithms 
for these problems. The algorithms presented are competitive with the fastest algorithms for the 
standard problems. 

1. I n t r o d u c t i o n  

Skew-symmetric graphs come up when certain undirected objects are reduced 
to directed ones, e.g. [18, 19, 20, 25]. In particular, standard problems on matchings 
can be stated in terms of such graphs. The present paper is the first in a series 
of our papers devoted to a theoretical and algorithmic study of problems in skew- 
symmetric graphs, as well as their applications to matchings. Here we deal with 
skew-symmetric analogs of the standard reachability and shortest path problems. 

By a skew-symmetric graph we mean a digraph G = (V, E) for which there is 
a mapping a of V U E  onto itself such that: (i) a is an involution (i.e., a ( x ) •  x 
and a(cr(x)) = x); (ii) for every v e V, or(v) e Y; (iii) for every e = (u,v) e E, 
a(e) = (a(v),~(u)).  We assume that cr is explicitly given and included in the 
description of G. For brevity we often use the term symmetric rather than skew- 
symmetric. So, we say that node a(v) is symmetric to v, and arc a(e) is symmetric 
to e. Symmetric elements are also called mates. The mate  a(x)  of an element x 

will be usually denoted by x ~. 
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Note that  if an arc e goes from v to v'  then its mate  also goes from v to v ~ 
(parallel arcs in G are allowed); so the number of arcs (v,v ' )  is even and they are 
part i t ioned into pairs of mates. 

The symmetry  a is extended to paths (cycles) in a natural  way by saying that  
two paths (cycles) are symmetric if the elements of one of them are symmetr ic  to 
those of the other and go in the reverse order. A pa th  (cycle) P is called regular, or 
an r-path (resp. r-cycle), if it contains no pair of symmetric arcs; in other words, 

the arc-sets of P and pl__ a(P) are disjoint. In this paper  we assume tha t  we are 

given two distinguished symmetric nodes s and s'. The regular teachability problem 
(RRP) is to find an r-path from s to s' or a proof that  there is none. Suppose we 

are given a symmetric length function ~:E--+ ]~, i.e., ~ ( e ) = l ( e ' )  for all e C E.  The 
length l(P) of a path  P is the sum of the lengths of its arcs. The shortest regular 
path problem (SRPP) is to determine whether (G,g) has a regular cycle of negative 

length, and if not, find a shortest r-path from s to s'. If  I is nonnegative, we refer 
to SRPP as NSRPP. 

The regular teachability problem that  we consider is a special case of the 
forbidden pairs problem in which, given a digraph with two specified nodes s and t 
and a set of arc pairs, it is required to find a pa th  from s to t which contains none 
of these pairs. I t  is known that  the latter problem is NP-hard [11]. 

The aim of this paper  is to establish combinatorial solvability and optimali ty 
criteria for RRP and SRPP, and to develop fast algorithms for these problems. 
These problems are at least as hard as the standard teachability and shortest  pa th  
problems. This is because, given a digraph G with two specified nodes x and y, 
we can make a disjoint copy G'  of G with the opposite orientation of each arc and 
work with the skew-symmetric graph H formed by adding to G U G I new nodes s 
and s '  and arcs (s,x),(s,y'),(x',s'),(y,s'). Obviously, any pa th  from s to s '  in g 
is regular and corresponds to a pa th  from x to y in G. 

The algorithm for RRP that  we develop runs in linear t ime O(m) (hereinafter 
n = IV] and m = IE[1). The algorithm for NSRPP runs in t ime O(mlogn) or 

O ( m ~ )  (the latter bound assumes that  lengths are integers in the interval 
[0,.. . ,  C]). The corresponding bounds for the usual shortest pa th  problem, achieved 
by the implementations of Dijkstra 's algorithm [5] described in [1] and [10], are 

O(m + nlogn)  and O(m + n ~ ) ,  respectively. The algorithm for the general 

case of SRPP runs in O(n2mlog n) time. 

This paper  is organized as follows. In Section 2 we give a solvability criterion 
for RRP. The obstruction to the solvability of RRP is somewhat more sophisticated 
than tha t  for the standard reachability (or connectivity) problem: the existence of 
a so-called barrier, which is analogous to the "Hungarian tree" in matching: prob- 
lems. Using barriers, we then establish an optimality criterion for SRPP in Section 
3. Besides node potentials, the criterion involves functions on certain symmetriC 
subgraphs of G, called fragments. These results demonstrate  nice structural  prop- 
erties of the r-path problems and give rise to combinatorial algorithms for solving 

1 To simplify the presentation, we assume that m ~ n - 1 _> 2. 
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them, described in Sections 4-6. Finally, in Section 7 we discuss relation to match- 
ings. 

The alternating and shortest alternating path problems (in a graph with a 
matching) can be reduced, in linear time, to RRP and SRPP, respectively. The lat- 
ter problems admit reductions to the former ones in a way similar to that  proposed 
in [26] for the node-regular analog of RRP. However, these reductions consider- 
ably increase the problem size. Note also that  the above-mentioned solvability 
and optimality criteria for RRP and SRPP can be derived via these reductions 
from classical theorems on matchings [3, 6, 7, 24] (see also [21]). The advantage 
of our direct proofs is that they are given in terms of the input graph itself and 
based on usual path intuition; they seem to be simpler and more enlightening than 
the proofs obtained by translating the corresponding results on matchings into the 
skew-symmetric framework. 

In the sequel [14, 15] to this paper we use results obtained here to efficiently 
solve other natural problems on skew-symmetric graphs, such as the maximum and 
minimum cost integer symmetric flow problems and their unit capacity variants. 
Being interesting in their own right, these problems also bridge flows and match- 
ings. The maximmn and minimum-cost matching problems and even the "general 
matching" problem [8] (known also under the name of minimum-cost "bidirected 
flow" problem) can be reduced to skew-symmetric flow problems while increasing 
the problem size by only a constant factor. 

2. R e g u l a r  R e a c h a b i l i t y  P r o b l e m  

2.1. Barriers. Barriers provide infeasibility certificates for RRP. We say that  

:B = ( A ; X l , . . . , X k )  

is an s-barrier, or, simply, a barrier, if the following conditions hold: 

(B1) A, XI,. . .  ,Xk are pairwise disjoint subsets of V, and sEA; 
(B2) AAA'=O, where A'=a(A); 
(B3) For i=l , . . . ,k ,  Xi is self-symmetric, i.e., a(Xi)=Xi; 
(B4) For i= 1,... ,k, there is a unique arc, ai, from A to Xi; 
(85) For i , j~- l , . . . ,k  and i # j ,  no arc connects Xi and Xj; 

(B6) For M-~V-(AUX1U. . .UXk)  and i = l , . . . , k ,  no arc connects Xi and M; 

(B8) No arc goes from A to ALUM. 

Figure 1 illustrates the definition. Note that arcs from A t to A, from Xi to A, 
and from M to A are possible. By symmetry, there is no arc from M to A t, for 
each i, there is only one arc, a~, from Xi to A t, and the set M is self-symmetric. If 
a node x is reachable from s by an r-path, we say that x is r-reachable. 

We prove the following solvability criterion for RRP. 
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Theorem 2.1. There is an r-path from s to s I i f  and only  i f  there is no barrier. 

As mentioned in the Introduction, Theorem 2.1 can also be obtained using 
matching theory. We give a direct and simpler proof of it. 

Proof. It is easy to see that s ~ is not r-reachable if there is a barrier. 

Conversely, suppose that  no r-path from s to s' exists. We have to prove the 
existence of a barrier. Let (X) = (X)a  denote the subgraph of G induced by a set 
X C V. Consider the set Z of r-reachable nodes in G. Define 

Zt  = a(  Z) ,  A = Z - Z ' ,  A t = Z '  - Z,  X = Z n Z ' ,  a n d M = V - ( Z U Z ' ) .  

Let K1, . . .  , K k  be the weakly connected components of (X}, and let X i  (El)  be the 
node-set (arc-set) of Ki .  We call : ~=  ( A ; X 1 , . . . , X k )  the canonical s-barrier,  or, 
simply, the canonical barrier. The theorem is immediatelly implied by the following 
lemma which shows that 2~ is a barrier. | 

Figure 1. A barr ier  

Lemma 2,2. The  canonicM barrier is indeed a, barrier. 

Proof, Let :~= (A;X1, . . . ,Xk)  be the canonical barrier. Properties (B1)-(B2) and 
(Bb)-(B7) are easy. We prove the remaining properties by induction on [E I. The 
base case [E l=0  is trivial. 

Let el = ( V l , W l ) , . . . , e h  = (Vh,Wh) be the arcs from A to X. We may assume 
that  h _> 2 (otherwise (B3) and (B4) are trivial). Obviously, there exist distinct 
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i , j  E {1, . . . ,  h} such that at least one r-path from s to vi does not meet the arc ej; 
let for definiteness i = 1 and j = h. 

Let G =  (V,E) be the graph obtained by deleting e h and e~ from G. Clearly 

G has no r-path from s to s t. Let Z , Z  , A , A  , X , M  be corresponding sets in the 

definition of the canonical barrier for G. The fact that every r-path in G is an r- 

path in G implies that Z _C Z, whence 2 ~ C_ Z / and X C X. Let K i  = (Xi ,E / ) ,  

i = 1, . . . ,p ,  be the weakly connected components of the subgraph (X)u .  By 

induction yd = ( A ; X 1 , . . . , X p )  is a barrier. Next, the above property for el and 

e h yields Vl,V h E Z, whence v l ,v  h E A (as v l , v  h r  and X C X). Also Wl E Z. 
Three cases are possible. 

Case 1. w h E M. Let Q be the graph obtained by adding to (M}u the nodes 

Vh,V~h and arcs eh,e~h . Then Q is skew-symmetric and contains less arcs than 

G does (as h > 2 and el is not in Q). Furthermore, e h is the only arc in 

Q that  leaves vh, therefore Q has no r-path from v h to vlL. By induction 

the canonical vh-barrier (B;Y1,. . . ,Yq) for Q is a vh-barrier. One can see that  

~ =  (-AUB;-XI, . . . , -Xp,YI, . . .  ,Yq) is an s-barrier for G. Let Y = ]I1U...UYq and 

Z=-AUBU-XUY.  Since ~ is a barrier, each node in V - Z  is not r-reachable in G, 

i.e., Z C_ Z. On the other hand, each node in Z is obviously r-reachable in G. So 

Z = Z .  This easily implies that Z+=Z t and 2n2'=-ZuY=x. Obviously, the sets 

X1 , . . .  ,Xp,Y1,.-. ,Yp induce weakly connected components of (-XUY}G. Thus, :~ 
coincides with Yd. 

t E X UA. Hence, there is an r-path Case 2. w h E X u ' A  I. Then, by symmetry, w h 

from s to w~ in G. Adding to it the arc e}~ we obtain an r-path from s to v~ in G. 

But v~ is not r-reachable in G; a contradiction. 

in Case 3. WhE-A. Then wI~EA'. Since W~hEZ, there is an r-path P from s to w h 

G. Note that  P passes through e h (otherwise v~ would be r-reachable in G). Let 

pI be the part of P from w h to wl. Then pI is an r-path in G going from A to ~/. 

This contradicts the fact that  Yd is a barrier in G. II 

2.2. Bud Trimming. Bud trimming is a kind of equivalent transformation which 
reduces the graph size and gives an efficient approach to solve RRP (refined in the 
algorithm for RRP in Section 4). Such a transformation is similar, in a sense, to 
shrinking a blossom in the classical matching algorithm due to Edmonds [7]. An 
s-bud, or, simply, a bud, is a triple T = ( l ~ , 8 ~ , e r = ( v , w ) ) ,  where 

(D1) (br  is a self-symmetric subgraph of G with s r  

(D2) e~- is an arc entering 7)~-, i.e., v ~ 7 ~ g w ;  
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(D3) for every node x E ~ there is an r -path  from w to x in ( U z , ~ r )  (and, 

therefore, an r -path  from x to w~); 

(D4) there is an r -path  from s to v which does not meet  ?~r. 

I We refer to er as the base arc, and e 7 as the anti-base arc of T. An  impor tan t  
special case of buds arises when the graph (b~-,~-)  is formed by an only r -pa th  F 

from w to w t and its symmetr ic  pa th  FI; such a bud is called elementary. 

The trimming operation with respect to ~- t ransforms G into G = (V, E)  by 

deleting ~ - ,  replacing U r  by two nodes w=w~- and --i --i w = wr ,  and replacing the arcs 
incident to nodes in bcr as follows (see Fig. 2): 

by an arc from ~ t  to vl; (E l )  er is replaced by an arc from v to ~ ,  and e r 

i t ha t  leaves bcr is replaced by an arc f rom W to y; (E2) each arc a = ( x , y ) r  r 

(E3) each arc a = ( x , y ) r  tha t  enters br is replaced by an arc from x to ~1; 

(E4) each arc a = ( x , y ) ~ $ r  with x,yE?~z is replaced by an arc f rom ~ to F t. 

Z I Z I 

! 
~U 
/ \ 

X ! y J  X ! 

: -'~blll a'flll Y': ~"" ' 
x la bJl 

\ / 
\ / <i i TM 

V 

Before trimming After trimming 

Figure 2. Bud trimming example 

For convenience we identify the corresponding arcs in G and G. We call ~ the 

leading node in the pair {~ ,~ t} .  Clearly G is skew-symmetr ic  in a na tura l  way; 
this symmet ry  is denoted by a as well. 

Theorem 2.3. There is an r -path  f rom s to s I in G i f  and only i f  there is an r-path 

from s to s I in -G. 

Proof.  Suppose tha t  s I is not  r-reachable in G. Apply  Theorem 2.1 and consider a 

barrier :~ - - (A;X1 , . . .  ,Xk )  for G. Form the definition of a bud it follows t h a t  there 
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is an r-path P from s to w in G such that  eT is the last arc of P and w is the only 

common node of P and ~T. Then P corresponds to an r-path from s to ~ in G. 
Hence, either (i) ~ E  X j  for some j ,  or (ii) ~ E  A. In case (i), replace ~ , ~ '  by ?~r 

in X j .  In case (ii), let I be the set of indices iG{1 , . . . , k}  such that  the arc ai from 

A to Xi has its tail at ~ .  Remove ~ from A and ~ from A ~ and replace in :~ the 
sets Xi  ( i E I )  by the only set that is the union of these Xi ' s  and ~ r .  It is easy to 
see that  in both cases we obtain a barrier for G. This proves the part  "only if". 

Conversely, suppose that s ~ is not r-reachable in G and consider a barrier 
= (A;X1, . . . ,Xk)  for G. The r-teachability from s of all nodes in ?~r and the 

self-symmetry of Ur  imply that Ur  C_ Xi  for some i. Then 

(A; X 1 , . . . ,  X i - l ,  (X i  - 7)t7) U {w, w }, X i+l ,  . . . , X k )  

is a barrier in G. | 

Remark 2.4. Theorem 2.3 remains valid if we use a slightly different trimming 
operation. Namely, we do not add the arcs from ~ to ~l  as in (E4). In fact, this 
alternative kind of trimming operation is used in the proof of Theorem 3.2 and in 
the algorithms for SRPP given in Sections 5 and 6. 

In next sections we will encounter the typical situation when a sequence of bud 
trimming operations is repeatedly applied to the initial graph G. A node u of the 
resulting graph is called ordinary if it is a node of G, and non-ordinary otherwise. 
If u is ordinary, its preimage (in G) is just u. If u is non-ordinary, the set of 
its preimages consists of all nodes of G that were replaced in the subsequence of 
trimming operations that resulted in appearance of u; in particular, u and u t have 
the same set of preimages. 

The algorithm designed in Section 4 will be based on the following two lemmas. 
The first lemma is obvious, while the second one is easily proved by arguing as in 
the proof of the part "only if" in Theorem 2.3. 

Lemma 2.5. L e t - P = ( v o , e l , v l , . . . , e k , v k )  be an r-path from s to s ~ in -G. 

(i) I f -P  contains nei ther ~ nor ~P, then -P is an r-path in G. 

(ii) f f  v i = -~ for some i, then e i = e.r, and the concatenation o f  
( v o , e l , V l , . . . , e i _ l ,  V i_ l , e i ,w) ,  Q, and (x, e i+ l ,V i+ l , . . . , e k , vk )  is an r-path from 

s to s ~ in G, where x is the tail o f  ei+ 1 in G and Q is an r-path from w to x in 
a 

(If P meets ~I the statement is "symmetric" to that in (ii).) 

Lem~a  2.6. Let  Y C V be a set such that  s I ~ ~ and Y contains all r-reachable 

nodes in G. Let  Y be the set o f  all preimages o f  e lements  o f  Y .  Then  J ~ Y  and Y 

contains all r-reachable nodes in G. If, in addition, each e lement  o f  Y is r-reachable 

in O then the same is true for Y and G. | 
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3. Shortest  Regular Path  P r o b l e m  

Let s be a symmetric length function. We say that  (G,t)  is conservative 
(r-conservative) if the length g(C) of every cycle (rasp. every r-cycle) is nonnegative. 
For x ,y  e V let distt(x,y) (rdistt(x,y)) denote the distance (rasp. regular distance, 
or r-distance) from x to y, i.e., the minimum length t (P )  of a path (rasp. r-path) 
from x to y. In these terms, SRPP consists in determining if (G,i)  is r-conservative, 

and if is, finding rd i s t t ( s , J  ). 

Note that  d i s t t ( s , J )  < rd is t t ( s , J ) ,  that  this inequality may be strict, and 
that  (G,t)  may be r-conservative but  not conservative. Our aim is to show that  if 
(G,s is r-conservative then there exists a transformation of g which preserves the 

r-distance from s to s' and makes it equal to the usual distance from s to s t. Such 
a transformation involves so-called fragments in G, which are somewhat like buds 
defined in the previous section. 

A fragment is a pair 7- = (V~-,e-r = (v,w)), where VT is a self-symmetric set of 
nodes and eT is an arc entering V~. For instance, every bud corresponds to the 
fragment defined by its node set and base arc. The set of fragments in G is denoted 
by :7. 

For X C_ V, we denote the set of arcs of G entering Cleaving) V by 6+(X) 

(rasp. 6 - ( X) ) ,  and the set 6 + ( X ) u 6 - ( X )  by 6(X) (the "cut" induced by X).  We 
associate with 3- C J its characteristic function X~- on E defined by 

t xr(a) = l i f a=eT ,e~- ,  

= - 1  if a E 6(Vr) t - 

= 0 otherwise. 

Obviously, XC'X~- <- 0 holds for any C that is an r-cycle or an r-path connecting 
symmetric nodes, where Xc denotes the incidence vector of C (i.e., xc(e )  is 1 if 
e 6 C, and 0 otherwise) and a.b stands for the inner product of vectors a, b. Therefore, 
for ~ 6 ~ - ,  adding ~X~ to ~ cannot increase the length of C, and the following is 
true. 

Proposition 3.1. For ( : ~ --+ K + ,  the function gt = g +  ~-~,e3~(7_)X r satisfies 

~t(C) <t(C)  for any r-cycle C and any r-path C from s to s'. | 

We call g' a variation of g . Our main theorem on SRPP is as follows. 

Theorem 3.2. Let s t be r-reachable. Then (G,~) is r-conservative i f  and only if  
there exists a variation ~t of s such that (G,~ l) is conservative and 

(3.1) rdists s') = rdist e (s, s') = dist,, (s, st). 

Proof. The part "if" follows from Proposition 3.1. The part "only if" is more 
involved. Consider an r-conservative (G,g) and assume that  s / is r-reachable. Then 
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Irdiste(s,s ')] < co. It  suffices to consider a par t icular  case of (G,g),  as follows. As 
before, for a node (arc, path,  subset) its symmetr ic  object  is denoted with prime. 

Wi thou t  loss of generality, we make the following assumptions.  

(i) We assume tha t  G contains a pair of symmetr ic  arcs from s t to s of 

l e n g t h -  rd i s tg (s , J ) .  Adding such arcs to G obviously preserves bo th  the 

r-conservativi ty and the r-distance from s to s t. 
(ii) Let  N = {e G E :  g(e) < 0}. We assume tha t  for each e E N,  the arcs e = (x, y) 

and e l = ( J , x  t) are parallel and e,e t are the only arcs leaving x. For if not,  we can 

delete e, e' and add new nodes t , t ' ,  arcs (z, t), (y', t), (t', y), (t ' ,  x t) of zero length and 

two symmetr ic  arcs from t to t t of length g(e). This preserves the r-conservat ivi ty 

and rd i s t ( s , J ) .  Moreover, given a variation as required in the theorem for the 
graph constructed this way, it is easy to t ransform it into the desired variat ion for 
the original (G,g) (we leave this to the reader as an exercise). 

We show the existence of a variation g/ of g such tha t  (G,g t) is conservative. 
Then  assumption (i) will immediate ly  derive (3.1). 

Let  N = {hi,  htl , . . . ,  hq, h;}. \Ve may assume tha t  q _> 1 (for if N = 0, g' = g is 

as required).  Given functions 7r : V ~ R (of node potentials) and ~ :J--+ R+,  define 
the reduced length and modified len9th of an arc e = (x, y) to be 

(3.2) g~r(e) = g(e) + 7rz - ~r and g~(e) = gTr(e) + E(~(~-)X-c : 7- E J) ,  

respectively. Any potent ial  t ransformat ion g ~ g~ does not change the length of 
any cycle. Therefore,  it suffices to prove tha t  the program: 

(3.3) minimize 

q 

r = ~ max{0,-2q-ig~r,~(hi)} subject  to 
i = 1  

7r : V - +  R, ~ : J - +  R+; 

is anti-symmetric, i.e., ~v = -Trv~ for all v C V; 

g~(e) >_ 0 for all e E E -  N; 

(3.4) 
(3.5) 
(3.6) 

has a feasible solution (~,~) with ' 0 (~ ,~ )=  0. In the proof, we are forced to deal 
with a sharper  form of this program by imposing the following condit ion on the 
support J (~)  = {~ ~ J :  ~(7-) # 0} of ~: 

(3.7) the sets Vr, 7- EJ (~ ) ,  form a nested family, i.e., for any dist inct  7-,T' E J (~ ) ,  
either V r c  V r, or Vr, c V-r or VrN V~,=~; 

and the following condition on each 7- = (V~, e7 = (v~-, w r ) ) E  g(~):  

(3.8) any x E V~- is reachable from w~- by use of a (simple) r -pa th  P~-,x in (VT) such 
tha t  all arcs on P-~,x have zero modified length; moreover,  if we add to Pr,z 

the arc e~ and an arbi t rary  arc (x, y)C 5 + (V~-)-{e~} then the resulting pa th  
P satisfies XP'X~-' = 0  for all 7-tEY(~) with V~., C V~-. 
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Clearly the solution set of {(3.4)-(3.8)} is the union of solution sets of a finite 

number of linear systems, each defined by a corresponding subset J~ of fragments 
and a corresponding set of paths Pr,x for ~- E :7 ~ and x E Vr. Together with the fact 

that  r is convex and nonnegative, this implies that  {(3.3)-(3.8)} has an optimal 
solution (~r,~). 

Note that  (3.5) and the symmetry of )/r for ~-EJ imply t h a t / ~  is symmetric. 

Let J be the set of arcs h E N  with ~ ( h )  <0. I f J = O ,  we are done. So assume that  
J r  

Let J be the set of T E J(~) with V~- maximal; then V~- A V~-, --- ~ for distinct 

~. ~.1E J ,  by (3.7). We transform G into G--  (V, E) in a way similar to bud trimming 

as in Remark 2.4. More precisely, for each ~-E J ,  we replace V~ by two nodes ~ - , ~ ,  

- -  I by --i and replace the head replace the head of e~ by w~, replace the tail of e T wr, 

(tail) of each arc in E - { e z , e ~ }  entering (resp. leaving) Vr by--'w T (resp. wr) .  For 

convenience the image in G of an arc e of G, if it exists, is denoted by ~; we assign 

the length ~(~) to be ~ ( e ) .  Let E ~  : g(~)=0}; then E ~ is self-symmetric. 

Consider the arc h = hio ~ J with the minimum index i ~ By assumption (ii) 

both h ,h  I go from a node t to t I. Moreover, since h,h  ~ are the only arcs entering t I, 
t - - - - !  we deduce from (3.8) that t , t l C V r  for any TG~(~). Hence, t , t  , h , h  are in G. 

We first observe that G ~  ~ has no r-path from t ~ to t. Indeed, suppose 

that such a path P = (t1= x0,~l, x ~ . . . .  ,~k, xk  = t) exists. Then we can construct an 

r-path from t ~ to t in G by replacing each non-ordinary node xi  --~-r in P by the path 
Pz,x as in (3.8), where x is the tail of ei+l in G; and doing a similar transformation 

--i by use of the corresponding symmetric path p i  for each non-ordinary xi = w r  ~,~. 

Adding h to P,  we obtain an r-cycle C in G such that  

e (c) = + : e c - {h} )  = < 0. 

Furthermore, (3.8)implies XC.Xr~-O for all ~-e~'(~). Hence, 

0 > e l ( c )  = + : T e J )  = e (c) = e ( c ) ,  

contradicting the r-conservativity of (G,/) .  

Now our aim is to show that (Tr,~) can be improved so as to give a feasible 
solution to {(3.3)-(3.8)} with a smaller ~b, thus coming to a contradiction. Consider 

the canonical tl-barrier 2 - - ( A ;  X1, . . .  ,Xk) in G o (possibly k---0). Each Xi  induces 
a fragment Ti -- (Vr~, eta) in G in a natural way. Here Vr~ is the set of preimages 

of elements of Xi  and eri is the preimage of the arc a i from A to X i  in G 0. Let 

jnew = {T1 . . . .  , T k }. Let J +  and :Y- consist of ~- E J such that  ~ r  E A and --/w T E A~ 
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respectively. Let $ = 3"new USA- U S - .  Let A be the set of ordinary nodes in A. 
Define 

X = U ( V r  : ~ ' E $ )  and M = V - ( A u A ' u X ) .  

Claim. There exists r  such that 7d:V--*R, de/~ned by 

(3.9)  

and ~' :3" ~ R, defined by 

! 
rr z = z r ~ - r  f o r x E A ,  

= Trz for x E X U M, 

= 7rz + e for x E A ~, 

(3.10) ~'(T) = ~(~') + e for r E 3"new U 3"+, 

= ~(T) - e  forte3"-, 
= {(r) otherwise, 

satisfy: (i) ~'(r)>O for all r E $ ,  and (ii) g~' . ,(e) >0  for all e E E - J .  

Proof. By (3.10), property (i) holds for any r between 0 and min{~(r):  r E $ - }  > 0. 

To obtain (ii), it suffices to examine the edges e- - (x ,y)E E such that  g~(e)=0 and 

the nodes x,y  are in different sets among A , A I , M  and Vr (r E$) .  Consider such 
an e and an arbitrary e > O. Let p(e) t l = (lrz-lry)-(Trz-rcy) and q(e) =E~.Ej(r  

~(T))Xr(e ). Then g~', (e) =g~ (e) +p(e) + q(e). We show that  p(e) + q(e) > O, whence 

(ii) follows. 

The fact that $ is a barrier in G O and the construction of A , X  imply that  the 
case w h e n x E A a n d y E A  r U M o r x E X  a n d y E M i s i m p o s s i b l e .  I f x E A ' U M  
and y E A, then (3.9) and (3.10) imply that p(e)E {e, 2e} and q(e)= 0, and we are 
done. Consider the remaining cases, up to symmetry. Let Y (~) denote the tail 

(resp. head) of the image ~ of e in G. 

Case 1. Let x e A and y 6 V~ for some r E J .  Then p(e) = - r  and q(e) E {r 

We show that  q(e) = r (and therefore, p(e) + q(e) = 0). Obviously, Y E A. Suppose 

that TE3" +. Since ~ E A  t is impossible (as ~ is a barrier in Go), we have Yj=w~-. 
Hence, e = er. This implies ;~r 1 and q(e)=r  (by (3.10)). Similarly, if v 6 3"- 

then ~ r implies - - - - I  y - w . r ,  whence X r ( e ) = - 1  and q(e)=e. Finally, if 7"=Ti E5  new 

then ~ E X i ;  so e=er~, Xr~(e) =1 and q(e)=r 

Case 2. Let x E Vr and y E Vr, for distinct ~_,~.l s $. Then p(e) = 0 and q(e) E 
{2r Suppose that  q(e) = -2e.  Then X~-(e) = -1  if r 6 3"+ U5  new, and 

xr(e) = 1 if r E 3"-; and similarly for ~-r One can see that  this property for e 

and ~- is possible only in the situations as follows: (a) Y =  Nr E A if T 6 3"+; (b) 
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= ~ E A if V E J - ;  and (c) ~ E Xi  if ~- = T i E ffnew. Similarly, ~ = ~ r '  E ~t  if 

TtE~+; y = w  T, E--A ! if Tt CJ-- ;  and YJEXj if Tt-~U Eft  new. In all cases we get a 

contradiction with the fact that  ~ is a barrier. I 

Consider ~,~,~t  as in the Claim, assuming that  0 < 2~ < - ~ ( h )  (for h =  hio 
as above). Then (~.t,~,) satisfies (3.4)-(3.6). Furthermore, for this (Ir',~t), (3.7) 

is obvious, while (3.8) follows from the construction of G o and the fact that  for 

i -- 1 , . . . ,k ,  each node in X i is reachable from the head of ai by an r-path in 

(-Xi)Go. Next, the ends of each hj E J do not meet VT for TEY  (by (3.8)). Hence, 

q(hj) = 0 and p(hj)  >_ -2r  where p(c) and q(e) are defined as in the proof of the 
Claim. We have 

Furthermore, 0 < s (h) -- ~ (h) + 2~. Now the minimality of i 0 implies 

r t) - r  - 2 q - i ~  E ( 2 q - J ( - 2 ~ )  : hj �9 J -  {hio}) 

_< - -2 .2q- i~  -- 2 -1 -- 2 -2  -- . . .  -- 2 -q)  < 0. 

This contradicts the optimality of (7r,~) and proves the theorem. I 

Proposition 3.1 and Theorem 3.2 enable us to establish a special duality relation 
for SRPP, as follows. 

Corollary 3.3. The linear program 

(3.11) maximize ~rs, - 7rs subject to 

7r : V--+ R, ~ : J ~ F~_, 

~x = -~x '  for x E V, 

~ y - . ~ - ~ ( ~ ) x ~ ( e ) < ~ ( e )  fore=(x,y) EE 
g 

has a feasible solution if and only if ( G,~) is r-conservative. I f  ( G,~) is r-conservative 
and s' is r-reachable then (3.1t) has a (finite) optimal solution (~r,~), and vice versa. 
I f  (zc, ~) is an optimal solution to (3.11), then rdist~ (s, s') = lr s, - ~rs. 

Proof. The only fact that  needs to be explained is that  if (G,~) is r-conservative 
but s t is not r-reachable then (3.11) has a feasible solution (Tr,~) with ~r s, -~rs 
arbitrarily large. Obviously, for any sufficiently large positive number p, adding to 
G symmetric arcs e, e' from s to s t with g(e) = ~(e t) - -p  preserves the property of 

being r-conservative. Now s t becomes r-reachable and rdist~(s,s t) =p ,  whence the 
result follows. I 

Thus, we may think of (3.11) as the program dual of SRPP. A routine veri- 
fication shows that  an s to s t r-path P and a ,feasible solution (~r,~) to (3.11) are 
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optimal  for SRPP and (3.11), respectively, if and only if the following "complemen- 
tary slackness conditions" hold: 

(CS1) for TE5 r, ~ (T)>0  implies Xp.xw=O; 

(CS2) for each arc e in P, g~(e)=0. 

In Sections 5 and 6 we describe algorithms for the nonnegative and general 
versions of SRPP. As a by-product, these algorithms yield the half-integrality 
property for (3.11) (which is important  for purposes of [14, 15] where we deal with 
flow problems in skew-symmetric graphs). 

Theorem 3.4. If  ~ is integer-valued and (3.11) has an optimal solution then it has 
a half-integral optimal solution. | 

4. R e g u l a r  r e a c h a b i l i t y  a l g o r i t h m  

We assume that  each skew-symmetric graph we deal with is represented using 
doubly-linked lists of the outgoing arcs for its nodes. This enables us to access 
the incoming arcs of a node v as well because, by symmetry,  these arcs are the 
mates of the outgoing arcs of v I = a(v). The algorithm we develop uses bud 
t r imming operations and is based on Lemmas 2.5 and 2.6. As before, we identify 
the corresponding arcs of the initial and current graphs. 

In the current skew-symmetric graph G = (V,E), we grow a set T C E which 
forms a tree rooted at s and its node-set A satisfies 

(4.1) A N A' = 0. 

For convenience we do not distinguish T from its induced graph and refer to T as 
a tree. Initially, T = 0 ,  and A={s} .  For vCA, the pa th  from s to v in T is denoted 
by Pv, and the pa th  from v / to s I in the symmetric tree T I rooted to s ~ is denoted 
by Pv/,. By (4.1) Pv and Pv I, are regular. 

At each iteration, the algorithm scans an arc e = (x, y) with x ~ A and y r A. 
Three cases are possible. 

Case 1. Let y ~ A I. Then e is added to T. This augments A by y and maintains 
(4.1). 

Now suppose y E A t. Then we trace, step by step, Px backward from x to s 
and P~ forward from y to s f, intermixing backward and forward steps. We stop as 

soon as we discover an arc a = (v, w) in Px or an arc a'= (w', v') in F~ such tha t  its 
mate  occurs in the portion of the other path  that  we have already traced. 

Case 2. No such a or a I is discovered. Then Px and/ :~  are completely traced and 

for each arc of Px, its mate is not in So, the concatenation of Px, e and 
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gives an r-path from s to s r in the current graph. The algorithm terminates (the 
procedure of restoring an s to s I r-path in the initial graph will be described later). 

Case 3. An arc as above, say a = (v,w) E Px, is discovered. Let Q be the par t  of 
Pz from w to x and let R be the par t  of ic~ from y to w I. Then the concatenation 

P of Q, e and R is an r-path, and ~- = ( ~ - , S r , e r  = a) is an elementary bud in 
the current graph, where (~-,~-) is the subgraph formed by P and pi .  We tr im 

T as described in (E1)-(E4) in Section 2. The resulting graph G becomes the new 
current graph G. The tree T is updated accordingly; namely, the nodes in Q and 
R p merge into one node w=wr. Note that  updat ing G consists in forming outgoing 
arc lists for the new nodes ~ and ~/.  The list for ~ is created by concatenating the 
lists of nodes in QuRuQIuR t from which a t and the elements of Sr  are removed. 
The list for ~ consists of the only arc a t. 

If  the current graph has no arc leaving A, the algorithm declares tha t  s t is not 
r-reachable. Moreover, in view of Lemma 2.6, the preimages of nodes of A in the 
initial G are exactly the nodes r-reachable from s; thus, from A one can construct, 
in linear time, the canonical barrier in G. 

The algorithm terminates in finite time. This follows from the facts that  
t r imming a bud T decreases the number of arcs of the graph by I~rl >_ 2 and tha t  
the tree T increases between two consecutive trimmings. 

Linear implementation. We show that  the algorithm can be implemented to run 

in t ime O(m). Let G =  (V,E) denote the initial graph, and G =  (V,/~) denote the 
current graph. 

The implementation maintains a doubly-linked list L of the arcs of G tha t  
leave A. Initially, L consists of the arcs going out of s. At an iteration, we choose 
an arbi trary element e=(x,y)cL to scan. If  Case 1 occurs, we examine the arcs q 
leaving y and add to L each q that  does not enter A. Then we delete from L the 
arcs h tha t  enter y. Since we can efficiently access the outgoing arcs only, in order 
to find the h's we examine the outgoing arc list of y~ and extract  the arcs in it tha t  
enter A I. We delete the mates of the latter arcs (which are in L). In Case 3, we 
delete from L the arcs e,e r, examine the arcs f leaving nodes in RUQ I and add to 
L each f that  neither belongs to 8~-U{a'} nor enters A-(QUR') (such an f turns 
into an arc leaving A out of wr  for the new graph and tree). In Cases 1 and 3, each 

t i m e  we add to L an arc from A to A l (for the new graph and tree), we should add 
its mate  too if it is still not in L. 

It  is easy to check that  updating L this way maintains L correctly. To account 
for the number of operations for maintaining L, note that,  in Case 1, the node y is 
ordinary and the number of arcs we examine is the sum of outdegrees of y and yl. 
In Case 3, the number of arcs examined is the sum of outdegrees of ordinary nodes 
in RUQ' plus O(15~-I) (as each non-ordinary node in RUQ' obviously has a unique 
outgoing arc). One can see that,  during the algorithm, each ordinary node z can be 
considered, for the purpose of the examination of its outgoing arcs, at most twice 
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(once in Case 1 and once in Case 3); in particular, each arc of G can be included 
in L at most twice. This implies that  total time to maintain L and scan arcs is 
O(m) plus the time needed to recognize the heads in current graphs of the arcs 
we examine or scan (recall that the arcs are expicitly supported by the adjacency 

structure of the initial graph G but not of the current graph G). 

Next, if Case 3 occurs, the number of arcs that we trace is O(]~-[) (due to 
intermixing forward and backward steps). The number of operations involved in 
trimming 7 (concatenating the corresponding lists, and etc.) and transforming T is 
also O([Sr]). Since trimming ~- decreases the number of arcs of the current graph 
by [Sr[, the total number of operations to perform finding and trimming all buds 
during the algorithm is O(m). 

Finally, when examining or scanning an arc e, we have to recognize efficiently 
the head x of e in the current graph. Such a task is trivial if x is ordinary. In 
general situation, we are forced to use certain additional data structures. 

We need some terminology and notation. Let u be a non-ordinary node of G. 
The set of preimages (in G) of u is denoted by V(u); we have Y(u)= Y(u'). The 

pair {u,u'} is considered as a representative (in G) of each element of Y(u). If u 
is an ordinary node, then V(u) is {u} and the representative of u is just u. The 

different sets V(u) (u E V) give a partition of V. 

We address the following issue: given a node x of G, how to find its represen- 

tative in G? Note that if, say, we are interested in recognizing in G the head ~ of 
an arc e - (z,x) E E and if we know that the representative of x is {u,u~}, then 
5E{u,u /} ,  and to decide which of u,u ~ is ~ is easy: ~=u if e is the base arc of the 
corresponding maximal bud, and 5=u t otherwise, assuming that  u is the leading 
node in {u,u'} (see the definition in Section 2). 

The implementation resolving this issue applies set operations MAKE-SET(x) ,  
UNION(x,y),  and FIND-SET(x), applicable to a family of pairwise disjoint sets. 
These operations create a single element set containing x, form the union of the sets 
containing x and y, and return the name of the set containing x, respectively. In 
our case, x is a node of G which is a preimage of an element of A, the set containing 
x is the set Y(u) such that x e V(u), and the representative (u or {u,u'}) of x is 
considered as the name of V(u). 

From arguments above it follows that  the algorithm uses O(m) set operations. 
In particular, UNION applies only if a bud T is being tr immed (in Case 3). In this 
case we go along paths Q and R and merge the sets V(u) for their nodes u into one 
set, adding elements u t if u is ordinary. 

The above operations are supported by the well-known disjoint set union 
(d.s.u.) data structure (see, e.g., [4]). It has a simple implementation ensuring 
that  a sequence of k operations on elements from a universe of size n to be per- 
formed in time O(klog n+n) (which therefore gives O(mlog n) time for our RRP 
algorithm). The fastest known implementation of the d.s.u, data structure [23] 
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takes O(ka(k,n)§ time, where a is the functional inverse of Ackermann's func- 
tion. Hence, under this implementation the algorithm takes O(ma(m,n)) time. 

It turns out that  we can obtain better running time by observing that  in our 
case the set operations fall into the incremental tree set union (i.t.s.u.) version due 
to Gabow and Tarjan [12]. The i.t.s.u, case is as follows. It deals with a rooted 
tree F whose nodes represent disjoint sets. Initially, F consists of a single node 
corresponding to a single element set. The operations allowed on F are contraction 
of an edge of R, which results in merging the two sets corresponding to its end 
nodes, and addition of a leaf node corresponding to adding a new element to the 
ground set. As shown in [12], for this case k operations can be performed in time 

In our situation F is T. Indeed, if the algorithm adds a node x to T, this node 
becomes a leaf and corresponds to a single element set {x} in V (as x is obviously 

an ordinary node of G). If the algorithm trims a bud ~- by use of paths Q and 
R (in Case 3), then the transformation of T can be interpreted as a sequence of 
contractions of the edges in QUR I (we should also add to T as leaves the ordinary 
nodes in Q~u R and then contract their incident edges as well). 

Thus, application of the i.t.s.u, techniques gives time O(m) for the algorithm 
described above. It either declares the problem infeasible, or finds an s to s ~ r-path 

in the last graph G. We now explain how to transform, in liner time, this P to 
the desired r-path in the initial G. 

Extracting the path. This relies on bookkeeping and postprocessing added to the 
above algorithm. 

A sequence (a l , . . . ,  ak) of arcs of the initial G is called a partial path if there is 
a path (bl , . . . ,  br) in G and a sequence of indices il  < i2 ( . . .  < ik such that  aj =bij 
for 1 < j  <_ k (considering a path as an arc set). 

For the bookkeeping, we store information about all t r immed buds in a way 
which enables us to efficiently undo the trimmings during the postprocessing. We 
maintain a rooted forest 2~ that represents the nested structure of the buds which 
appeared during the algorithm. Each vertex of 9 ~ is either a node of the initial G 
or a pair { ~ r , ~ )  created by trimming a bud ~- at some iteration of the algorithm. 
The leaves of 9 ~ are exactly the nodes of G. For each non-leaf vertex u= {~r ,w~},  
the leaves of the subtree of :~ rooted at u are the preimages of ~ - .  Obviously, the 
maximal trees in ~ correspond to the maximal buds and the ordinary nodes of the 
last graph. 

The forest :~ is maintained as follows. At the beginning, 9; is the triviM forest 
with n vertices and no edges. When we trim a bud ~-, we add to :~ a new vertex 
u - = - { ~ r , ~ }  and make the roots of the corresponding trees in 9 ~ children of u. We 

i that  form (b~r,@r) in the current graph. also store the paths P~, Pr  I from wT to w r 
These paths are stored as the corresponding sequences of arcs of the initial G, 
organized as doubly-linked lists. Clearly, bookkeeping is performed in time O(m). 
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The postprocessing stage restores the required path in G. The forest 5~ is 
changed during the stage by removing (repeatedly) certain roots. We use the 
following F-PATH(x) operation: given a leaf x of 5~, find the path S(x) connecting 
x with the root of the tree in 1~ that  contains x. Once such an operation applied to 
x, the x is labelled as active. This means that  the path S(x) already exists and can 
therefore be used on further iterations without applying F-PATH operation again. 
Initially, each leaf is non-active. 

The initial pa th /5  in G corresponds to a partial path P in G. If P is a path 
in G, we are done. If not, P has consecutive arcs e = (a, b) and h = (c,d) such that 
b#c. In this case b and c are covered by a bud, and therefore, belong to the same 
tree in :~. We examine the paths S(b) and S(c) (after constructing S(q) for q=b,c 

by use of F-PATH operation if needed) and extract the common part  S of S(b) and 

S(c). Clearly the last vertex of S corresponds to the minimal bud T that  covers 

both b and c. We remove S from ~ and accordingly remove the part S from S(b) 

and S(c). (The new :7,S(b),S(c) concern the graph G obtained from G if we nndo 

trimming the buds corresponding to the vertices in S.) 

Obviously, either e is the base arc eT = ( f f ' r , W ~ - )  of the 7-, or h is its anti-base 
I __ ! arc e r -  (wr,v~). Assume the former; the other case is symmetric. Our aim is to 

find a path F =  (el , . . .  ,et) in (b~r,@r) to be inserted in P between e and h (in order 

to get an r-path in G). To this purpose, we examine the paths Pr  and PC. Let y 
be the first vertex in the new path S(c). Two cases are possible. 

1) y is a node of G, i.e., y = e .  Then c is a node of Pr  or PC; say, e is in Pr.  
The desired F is the part of P~ from wT to c. 

2) y is a pair {~ r , ,~ t , } .  Obviously, @~- contains the base and anti-base arcs 

of the bud f ' .  Since h leaves ~ r ,  the only case is possible when the tail of h in 
is N, , .  Hence, we should take as F the path from w~- to wT' in (~r,@r), i.e., F is 
the part  from w,  to u of P ,  or P~. 

We repeat the procedure for the new current graph G := G and path P,  and 
so on. As a result, we eventually find the desired path in G. 

Formally, at an iteration of the postprocessing stage we deal with a partial 
path (a l , . . . , ak )  in G, scan a pair (ai,ai+]) in it, and decide whether the head b 
of ai coincides the tail c of ai+ 1. If b#c, we find a path F = ( e l , . . .  ,er) in ( ~ r , ~ r )  
to insert between ai and ai+ 1 as described above, where T is the minimal bud that  
covers both b, c. Clearly, the scan of all the pairs (ai, ai+l) throughout the algorithm 
can be organized so as to take linear time. Determining the required path F takes 
time O(]~rl). Finally, the total time to perform all necessary F-PATH operations 
is bounded by the size of the initial forest S;, which is O(m). 

Summing up the above arguments, we conclude with the following. 

Theorem 4.1. The RRP algorithm can be implemented so that it solves RRP in 
linear time. | 
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5. S h o r t e s t  r e g u l a r  p a t h  a l g o r i t h m  u n d e r  n o n n e g a t i v e  l e n g t h s  

The algorithm for SRPP combines ideas behind the proof of Theorem 3.2 
and technical tools used in the algorithm for RRP. In this section we consider the 
problem with a nonnegative symmetric length function ~, for which the algorithm 
is simpler, and refer to this problem as NSRPP. We use terminology and notations 
from Sections 3 and 4 and assume that s I is r-reachable (from s). Once again, 
we emphasize that  any fragment 7" = (Vr,er) we deal with is defined in the initial 
graph, whereas any bud T=  (7~r,~r,eT) is in the current graph. 

The algorithm maintains anti-symmetric potentials 7r on V and a nonnegative 

function ~ on a subset 5 rl of fragments so that  the modified length function l I = ~  
(cf. (3.2)) is nonnegative (assuming that ~ is extended by zero on the fragments 

not in j , ) .  Moreover, we assume that  the sets Vr for ~-E 9 "l form a nested family 

(eft (3.7)), and that  each fragment r =  (V.r,er = (vr,wr))  in if' satisfies (3.8) (with 

j ,  instead of ff(~)) and the following conditions: 

(5.1) sCV -; 
(5.2) 
(5.3) vr is r-reachable from s by an r-path of zero modified length which is disjoint 

from Vr. 

Define J to be the set of T E J  I with Vr maximal and define graphs G =  (V,E)  

and G O = (V,E  0) as in the proof of Theorem 3.2. As before, we identify the 

corresponding arcs in G and G. The algorithm grows in G o a tree T C E 0 rooted 
at s. The node set A spanned by T satisfies A N A ' = ~  and 

(5.4) for each TEff,  the node ~ r  is contained in A. 

Initially, 7r = 0, ~ = 0, T = 0, and A = {s}. At each iteration, the algorithm 

searches for an arc e = ( x , y )  E E  0 with x E A  and y e A .  Suppose that  such an 

arc exists. Then the algorithm proceeds as the RRP algorithm with respect to G. 
More precisely, three cases are possible. 

Case 1. If yEA ' ,  e is added to T. 

Otherwise we trace the path Px in T and the path Ps in T' .  

Case 2. Let the concatenation P of Px, e and f s  be regular. Using the path 

extraction procedure as in the RRP algorithm, we transform i5 into an s to s' r- 
path P in G such that  each arc of P has zero modified length. So, (CS2) is satisfied. 

Moreover, (3.8) provides (CS1). Therefore, g ( P ) =  7r(s ' ) -  rr(s), i.e., P is a shortest 
r-path. The algorithm terminates. 

Case 3. Let Q be the part of Pz and R be the part of Ps such that  the concatenation 

P of Q, e and R is an r-path and the arc a in Px preceding Q is the mate of the 

arc in Ps following R. Then P U P '  and a form a bud in G 0, and T=(V.r,er) forms 
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a fragment in G, where e~- = a and Vr is the set of preimages in G of nodes from 

PU P I. We put ~(T)=0 and add 7 to ft. This corresponds to updating G by use of 

the trimming operation (as in Remark 2.4) with respect to G and the above bud. 

Accordingly, G o and T are updated. One can see that  (3.7), (3.8) and (5.1)-(5.4) 
continue to hold. 

It remains to consider the following case. 

Case ~{. G O has no arc from A to V - A .  Then gt(e) >0  for all arcs from A to V - A  

in G (the set of these arcs is nonempty since s ~ is r-reachable). Let M = V - ( A U X )  
(all nodes in M are ordinary, by (5.4)). For X, Y C  V let (X ,Y)  denote the set of 

arcs from X to Y in G. Define 

(5.5) el = min{#(e) : e e (A, M)}, s2 = min{gt(e) : e e (A, At)}, 

and s = min{sl ,e2/2}.  

Next, let A be the set of ordinary nodes in A. The algorithm updates x and 
as follows: 

(5.6) 
: =  + 

: =  + 

(preserving r and ~ on the other elements). 

in Section 3, one can see that updating (5.6) 

(5.7) g'(e) := gt(e) - s 

: =  #(e) - 

: =  g ( e )  + z 

: =  g' (e) + 

for x C A,  

f o r x E  A~; 

for v E f f  

Arguing as in the proof of the Claim 

changes gl as follows: 

for e C (A, M) U (M, A'), 

for e E (A, At), 

for e e (M, A) @ (d' ,  M), 

for e C (A I, A), 

This implies that the tree T remains correct and properties (3.8), (5.2), (5.3) 

continue to hold. The definition of s preserves nonnegativity of g ~. Moreover, the 

transformation of gt results in appearance of an arc e from A to V - A  in G for which 
#(e)  = 0. Hence, at the next iteration, one of Cases 1-3 will occur. This implies 
that  the algorithm terminates (with Case 2) in finite time and solves NSRPP. 

Efficient implementation. We show that the algorithm can be implemented to run 
in time close to linear. The only nonlinear term comes from O(m) operations on 
priority queue data structures. In fact, it suffices to design fast implementations 

for searching for an arc of zero modified length from A to V - A ,  updating 7r, and 
computing the minima in (5.5) (the other operations take linear time in total). The 

implementation does not explicitly maintain the arc-set of G o . 
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1) The potentials 7r of the preimages of nodes in V-(AUA t) are stored explicitly. 

For each x E .4, a number p(x) is stored and its potential  is given implicitly in the 

form ~r(x)--p(x)+d,  where d is a number common for all nodes in .4. Then ~r(x) for 

x E A t is quickly computed, when needed, as 7r(x)=-p(x ~) -d. If a node y is added 

to A (in Case 1), we set p(y) equal to 7r (y) -  d. As soon as a node x is removed 

from .4 (in Case 3), we set its potential to ~ r ( x ) = p ( x ) + d .  Updating ~r(x) for all 

x E A (in Case 4) is performed implicitly by decreasing d by E. Also we maintain 
the forest ~ as in the implementation of the RRP algorithm, which represent the 
nested structure of fragments in j r .  We assmne that  for 7- E 9.t the number ~(T) is 
at tached to the node {w~-,wT'} of :~. 

2) We assume that  for each fragment 7 in 9" none of the arcs e of (Vr)a was 
deleted when constructing G, i.e., such an e is replaced by an arc from wr  to --iwr (so 

there is a one-to-one correspondence between the arcs in G and G). The reason for 

modifying the definition of G this way is to avoid extractions and deletions of such 
arcs when t r imming the corresponding bud. At the same time, this modification 
does not affect correctness of the above algorithm because, once we meet an arc 
from ~ r  to --~w r when choosing an appropriate arc leaving A, we can simply ignore 

this arc. If a bud T t in G is tr immed, the outgoing arc list for the new node wr '  is 
formed by concatenating the lists of the nodes of this bud from which the only arc 
e I is deleted. 

T ! 

3) The arcs of G (and therefore, of G) are parti t ioned into three parts  E1,E 2 
and E 3. The set E 1 consists of the arcs with both ends either in A or in A ~ or in M,  

and the values of # on these arcs are maintained explicitly. The set E 3 consists of 

the arcs from wr  to ~ for ~- E J ,  and E 2 is the rest. Next, the set E2UE 3 is further 

parti t ioned into four self-symmetric sets (A, M) t2 (M, d ' ) ,  (A, A'),  (M, A) t.J (A', M) 

and (A t, A) denoted by L1, L2, L3, L4, respectively; clearly E 3 C L2. Note tha t  under 

the transformation of # in Case 4 (cf. (5.7)) the values of g are not changed on 

E1UE 3 and are changed by adding - s , - 2 s , r 1 6 2  on the arcs in L1,L2-E3,L3,L4, 
respectively. We maintain # on E 2 implicitly as follows. For i = 1, 2, 3, 4 and 
e E Li, a number A(e) is stored, and a number Di common for the members  of 

Li is maintained so that  if e e E 2 then the current #(e)  equals A(e) + Di. Note 

that  the arcs e in E 3 (which are within L 2) are also provided automatical ly with 

A(e) because, before getting in E 3, an arc e has already occurred in L2 (as being 

a member  of E 2 which becomes a member  of E 3 under t r imming in Case 3). The  

modified length of e E E 3 is, in general, different from A(e)+ D2 and, in fact, not 
maintained. Initially, all Di's are zero, each Li is initialized by the corresponding 
arcs e incident to s or s I , and ~(e)=~(e) .  

4) In Cases 1 and 3, appropriate arcs are added to or deleted from Li's. If an 
arc is moved from Li to L j, we regard this as a deletion from Li followed by an 
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insertion into Lj. If  e is deleted from Li we set gl(e) to .k(e)+Di. If  e is added to Li 
we store A(e) to be g ( e ) -  Di. (So, transferring e from Li to Lj involves upda t ing  

)~(e) :=)~(e)+Di-Dj.) Each time an arc is added to (deleted from) Li, we do the 
same with its mate.  By this rule, one can t ransform the sets Li using merely the 

outgoing arc lists of ordinary nodes in G. 

More precisely, in Case 1, we examine the arcs going out of y and y~. The  arcs 
in (y,M-y'), (y,X), (y,y'), (y,A) are added to LI ,  transferred from L]  to L2, added 

to L2, deleted from Ld, respectively. The arcs in (y' ,  A') ,  ( J ,  M-y), (J, A), (y', y) are 
deleted from L1, added to Ld, transferred from L3 to L4, added to L4, respectively. 
(Here we do not distinguish between a one-element set and its only element.) In 

Case 3, we examine the outgoing arcs of ordinary nodes z I in Z ~, where Z is the 
set of nodes in QUR'. The sets (z ' ,A ' ) ,  (z',  Z), (z ' ,  M),  (z',  A - Z )  are added to n2, 
t ransferred from L4 to L2, transferred from L3 to L1, deleted from L4, respectively. 

We leave it to the reader to check correctness of the above t ransformat ions  of 
the sets Li. Moreover, one can check tha t  for a fixed Li, each arc can be included 
in Li at most  once during the algorithm. Thus,  the sets Li are mainta ined in linear 
time. 

5) Each set L i is organized as a priority queue (p.q.) da ta  s t ructure.  For 
e C Li, the number  A(e) is considered as a key according to which e is ordered in Li. 
Note tha t  all arcs leaving A are contained in L1 t2L2. At an iteration, we choose a 
minimal element el in L] .  If  sl  :=  A(e]) § D1 = 0 then el (or e~ if el C (M, A')) is 

just  the desired arc e in E ~ and we obtain Case 1. Otherwise we choose a minimal  

element e2 of L2 tha t  is not  in E 3. If s2 : = A ( e 2 ) + D 2 = 0  then e2 is the desired e in 

E 0 and we obtain  Case 2 or 3. Finally, we observe tha t  s l  and s2 are exactly the 
numbers  as in (5.5), assuming tha t  r = c~ if L1 is empty  and tha t  s2 = oc if L2 

has no element in E 2. Thus,  if both  Sl and e2 are non-zero then we obta in  Case 4, 
compute  s as in (5.5) and add - s , - 2 e , s , 2 s  to D],D2,Dd,D4, respectively (which 

corresponds to the t ransformat ion of gr as in (5.7)). 

Note that ,  once el in L1 is chosen, el and its mate  are deleted from L1 (as 

they  no longer belong to ( A , M ) U  ( M , X ) ) .  In contrast ,  e2 as above (as well as 

each member  of E 3) should remain in the new ( A , X ) .  To overcome this difficulty, 

we may  think of L2 as consisting of two parts, L ~ and L r~. L ~ contains all current  

members  of E 2 N  ( A , X )  and some members  of E 3, and L l/ contains the rest. We 

assume tha t  only L ~ is organized as a p.q. da ta  s t ructure  and choose a minimal  
element e just  in L I, after which e is moved from L I to L I/ (in part icular ,  if the 

minimal  element found in L / belongs to E 3, it is immediately  moved to L II and we 
search for the next minimal element in Lt). 

The operations we execute on a p.q. da ta  s t ructure  are ADD(x) ,  D E L E T E ( x )  
and F IND-MINIMUM.  These add a new element x, delete x and find an element 
with the min imum key. The above analysis shows tha t  the implementa t ion  runs in 
t ime O(m) plus O(m) priority queue operat ions (over a set of size O(m)). The lat ter  
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operations take O(mlog n) time if we use the simple binary heap data structure 

(see, e.g., [4]), or O ( m ~ )  if we use the R-heap implementation [1], assuming 
that the lengths g(e) are integers not exceeding C. This gives the following. 

Theorem 5.1. NSRPP can be solved in time O(mmin{logn, ~ } ) .  | 

6. S h o r t e s t  r e g u l a r  p a t h  a l g o r i t h m  u n d e r  a r b i t r a r y  l en g th s  

The algorithm for SRPP with arbitrary (symmetric) lengths generalizes the 
above algorithm for NSRPP. As a preprocessing step, we make a node-splitting 
transformation to construct an equivalent problem which is at most a constant fac- 
tor bigger but has only O(n) negative length arcs. This transformation (repeatedly) 
replaces a node x that has an outgoing arc of negative length by two nodes xl  and 
x2, replaces the outgoing arcs (x, z) by arcs (Xl, z) with ~(Xl, z ) =  ~(x, z ) -  #, and 
replaces the incoming arcs (z,x) by arcs (z,x2) with g(z, x 2 ) = i ( z , x ) - p ,  where # 
is the minimum length of an arc going out of x. Also it adds an arc (Xl,X2) with 

l (x l ,x2)  = 2#. If x is split this way, so is x'. We observe that  the resulting graph is 
skew-symmetric in a natural way, the new function g is symmetric, and if t(e) < 0 
for an arc e = (u,v) then e is the only arc leaving u and the only arc entering v. 

Let el,ell,...,eN,et N be the negative length arcs, and for i = 0, 1, . . . ,  N, 

let Gi = (V, Ei) be the graph obtained from G by deleting the arcs ej,e~ for 

j = i + 1, . . . ,  N. The algorithm consists of N + 1 outer iterations. After i - 1 outer 
iterations, there are an (anti-symmetric) potential function 7r i on V and a positive 
function ~i on a set $i  of fragments in Gi-1 such that  $i  satisfies (3.7) and (3.8) 
and 

(6.1) the modified length ~ i (e)=g~(e)  of each arc e of Gi-1 is nonnegative 

(note that  (5.2) needs not be satisfied for ~-C$i). 

Initially, $1 =0  and 7rl =0.  At ith outer iteration, we examine ~i(ei), and if it 
is nonnegative, we finish the iteration by setting 7ri+ 1 =Tri, J i + l  = J i  and ~i+1--~i. 

Otherwise we form the auxiliary graph H = (V H, E H) by adding to Gi-1 new nodes 

t and t t and arcs (t, v), (t, u'), (u, t'), (v', t ') of zero length ~, where ei = (u, v). Since v 
has no incoming arc in Gi-1, u and v belong to no fragment in $i  (in view of (3.8)); 
so we ,nay think that  fragments of ~ i  were "trimmed" directly in H. We extend 
71" = 7r i to t and t '  so that  the modified lengths of the added arcs are nonnegative. 

An r-path P from t to t ~ in H is called strong with respect to a family ~ of 

fragments if for any ~-CJ, Xv'Xp:O. 
Suppose we have a procedure which transforms 7ri, ffi, ~i, fi into 7r/+l, ~ i + l ,  

~i+1, t /+l  satisfying (3.7), (3.8) and (6.1) (for H) and simultaneously finds a strong 

path P w.r. t ,  f f i+ l  with all arcs of zero length ~/+1. Since t,t I ~Vr for any T E J i + I  
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(in view of (3.8)), J i + l  induces a set of fragments in Gi in a natural way (this set 
is also denoted by J i+ l ) .  Moreover, one can see that  if we replace in P the nodes 

t , t  t and their incident arcs by ei or e~, then we obtain an r-cycle Q in Gi such that  

Xz .xQ=O for any ~-Eg"i+l. Compute a=gi+l(ei) (=gi+l(e~)). If a > 0 ,  then (6.1) 

holds for Gi (and we go to the next outer iteration). If a < 0, we conclude that  
(G,g) is not r-conservative (since g(Q) = gi+l (Q) = a < 0). 

If after executing N outer iterations we found out that (G,g) is r-conservative, 

then at the last, ( N +  1)th, outer iteration we put H, t , t  t to be G, s, s t, respectively, 

and find a strong r-path P from s to J ,  along with 7v,3 "t and ~. Then (CS1) and 

(CS2) are satisfied, and therefore, P is a shortest s to s t r-path for (G,g). 

Description of i th outer iteration. If J i  is empty, the iteration is the same as 
the whole NSRPP algorithm in Section 5. Otherwise, the iteration is similar but 
somewhat more complicated because for some fragments r ,  ~(T) may decrease and if 
it reaches zero, then ~" is deleted from the current J i ;  this results in a transformation 
of the current graph by expanding the corresponding trimmed bud. 

We assume that  at the beginning of this outer iteration we are given 7r = 7ri, 

j r _ _  J i ,  ~-~ ~i (for H) and the graph G = (V,E) obtained from H by "trimming" 

the fragments in 3" as described in the implementation of the NSRPP algorithm, 

where 3" is the set of maximal fragments in $.t. 

The outer iteration works with current ~ , j t , ( , g ,  = t~ > 0 , J ,G ,  and grows a 

tree T C E  in G rooted at t such that node-set A o f t  satisfies AAA'=O. It consists 
of inner iterations, each of which searches for an arc e from A to V - A  with it(e) =0 
and deals with one of Cases 1-4. Cases 1, 2 and 3 are the same as in the NSRPP 

algorithm. If there is no arc e from A to V - A  with g(e) =0, then we obtain Case 
4 and transform 7r and ~ in the following way, which is motivated by the proof of 
Theorem 3.2 and is slightly different from the analogous case for NSRPP. 

Case 4. Let :~+ ( J - )  be the set of fragments ~- E J such that  ~ -  E A (resp. --twr E A). 

Let M = V - ( A U A  t) and let Abe  the set of ordinary nodes in A; then A is partit ioned 

into A, {~r  : r E $  "+} and { ~  : T E J - } .  Let Y be the set of edges e E E  from ~ 

--' for T E J .  Define to w T 

(6.2) ~1 ----- min{g'(e) : e E (A, M)}, 

r = min{g'(e) : e E (A, A t) - Y}; 

e3 = min{((T) : ~- E J - } ;  

r = min{~l, r e3}. 

If r < c~ (i.e., at least one of the three sets in (6.2) is nonempty), we transform 
7r and ~ as follows: 
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( 6 . 3 )  : =  - 

: =  + e 

: =  + 

: =  - 

(preserving 7r and ~ on the other elements). 

fo r  x E z~, 

for x 6 A'; 

for ~- 6 $ + ;  

for T E 5  

An analysis as in the proof of the Claim in Section 3 shows that  this transfor- 
mation changes # in the same way as in (5.7) (except that,  instead of (A,A') and 

(A', A), one should put (A, A t) - Y  and (A', A ) -  Y, respectively). Also one can see 
that  (3.8) and (6.1) continue to hold. 

If ~--  cc then we transform 7r and ~ as in (6.3) with respect to a sufficiently 
large (finite) positive c and finish the outer iteration. So, if i < N,  the choice of 
ensures that  the modified length of ei becomes nonnegative; whereas if i - - N  § 1, 
the emptiness of both  (A, M) and (A, A~)-Y implies that  s t is not r-reachable from 

s', and the problem has no solution. 

Let e < ec. If c equals el or r then the inner iteration finishes (and Case 1, 

2 or 3 will happen at the next inner iteration). Otherwise a fragment in 9 ' -  arises 
for which the new value of ~ is zero. We continue the inner iteration by choosing 
one of such fragments (if there are many) and deleting it from 3 "t. This means 

tha t  the corresponding t r immed bud ~-= (~.~T,~7-,eT) is expanded in G in place of 

--wr,wr,--I. in other words, the new G is the graph obtained from H by "trimming" 

the maximal fragments in the new set 17'. Accordingly, we update  the tree T so 
that  the new tree contains all previous (and, possibly, some additional) arcs. If e 

is the arc in T entering --'wr, then its new head becomes the corresponding node z 

in Ltr. Furthermore, if the old tree has an arc leaving ~ ,  then this arc is exactly 
i 

' In this case we extract the corresponding pa th  from z to w T the anti-base arc e r.  
! 

in (/,r and insert it in T between e and e r.  

We observe that  the outer iteration terminates (with Case 2 or Case 4 when 
r  after executing O(n) inner iterations. Indeed, let Z be the set of preimages 

in H of nodes in At_){~- : T e 5 + } .  Let B (C) be the set of fragments T 6 3 "  such 

that  V~ C Vz, for some r t Ef t  + (resp. ~.t E f t _ j + ) .  One can see that  during the 
outer iteration the sets Z and B are monotone non-decreasing and C is monotone 
non-increasing. Moreover, Case 3 increases B. In Case 4, if ~ = ~1 or ~2/2 then 
Case 1, 2 or 3 occurs at the next inner iteration; otherwise C decreases. Finally, 

--~ for some 7- E ft. in Case 1, the node y added to A is either ordinary or ~ r  or w r 

-- '  will stay at A In the first and second cases Z increases, and in the third case w r 

- - '  is included in a bud in Case 3 (so, C will until either T vanishes in Case 4 or w r 
decrease). Since the size of each of Z, B, C is obviously O(n), we conclude tha t  the 
number of inner iterations is indeed O(n). 
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Next we show that  an outer iteration can be implemented in O(nm log n) time. 
This implies the following bound on the algorithm. 

Theorem 6.1. SRPP can he solved in O((N + 1)nmlog n), or O(n2mlog n) time. 

1) First we explain how to expand a bud 7- (in Case 4). Recall that  the bud 
trimming operation for T (i) replaced a subset ~ -  of nodes of a certain current 

graph G by two nodes ~ -  and --iw~_, and (ii) formed the outgoing arc list ~ for 
~ r  by concatenating the lists ~(z)  of nodes z of ?~-. We assume that  for every 
z E ?~r two pointers were stored when creating ~ which mark the beginning and 
the end of the sublist ~(z)  in ~. Thus, to undo (ii), we split Z into [?)rl lists 
using these pointers, which takes O([7~[) time. To undo (i), we need a disjoint set 
union data structure that allows the SPLIT(r)  operation in addition to the MAKE- 
SET(x),  UNION(x, y), and FIND-SET(x) operations (see Section 4). The SPLIT(r)  
operation, applied to the set containing r formed by UNION(x, y), partitions this set 
into the original two sets which were combined by the UNION operation. The union 
by rank variant of the d.s.u, data structure (see, e.g., [4]) implements the desired 
operations so that  each operation takes O(logn) time (where n is the maximum set 
size). Since the sum of sizes of all buds tr immed or /and expanded during the outer 
iteration is O(n), it takes O(nlog n) time to execute all these operations. 

2) The arcs of G connecting different sets among A,X and M are partit ioned 
into four sets L1, L2, L3, L4, and their modified lengths are maintained in a similar 
way as in the implementation of the NSRPP algorithm. Note that an are from wr 

~ for weft may be included in L2 (if T E J  +) or in L4 (if' T E f f - ) .  There are to zc~. 
three essential differences compared with the NSRPP case. The first one is that  M 
may contain non-ordinary nodes. The second one is that each arc may be included 
in and deleted from a set Li many times (e.g., this can be easily shown for arcs in 

L1). The third one is that when a fragment ~- in J -  is destroyed (in Case 4), some 

arcs e from ~ -  to --r w T no longer connect the pair of nodes of a tr immed fragment, 
and therefore, we have to restore their real modified length; however, it is unclear 
how to do this fast. 

3) One can see that each extra deletion (insertion) of an arc from (to) Li may 

happen only in Case 4 when some fragment in J -  is destroyed. Thus, the number 
of operations applied to each p.q. data structure Li during an outer iteration is 
O(nm), whence the total time is O(nmlog n). If 7 E i f -  is being destroyed, we 
examine the outgoing arcs e of all nodes of the initial graph H that form the set 
Vr and for each e decide where e should be moved to. 

4) When V E i f -  is destroyed, we also examine the arcs e from wr  to --l If W T �9 

both ends u and v of e in H belong to the same fragment T ~ ~ ~.r with V~-, C VT 
(i.e., if, as before, e wii1 connect the pair of nodes of a tr immed fragment in the 

new graph), then we do nothing. Otherwise we compute g/(e) as in expression 
(3.2). To this aim we trace the corresponding paths for u and v in the forest 9 ~ to 

extract values of ~ we need; therefore, computing g~(e) takes O(n) time. Since this 
procedure is applied to each arc at most once, the total time for "deep" restoration 
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the modified lengths of arcs is O(nm). Note also that this procedure is also applied 
to the appropriate arcs at the end of each outer iteration in order to get the explicit 
values of e I in the input of the next outer iteration. 

Summing up the above arguments we conclude that an outer iteration can be 
performed in O(nmlog n) time, thus proving Theorem 6.1. 

Remark. Borrowing ideas from [17], one can avoid an arc to be included many 
times in the same p.q. data structure. It turns out that, instead of maintaining 

LI,L3 and L4, it suffices to maintain, for each node x E V H whose image is in 

MU(~r,~ :r E 3"-}, two sets Ll(x) and L2(x), each organized as a p.q. data 

structure. Here Ll(x) (L2(z)) consists of the arcs (x,z) with z to be a preimage 

of a node in Z~=AU(~ :rE3" +} (resp. in Z). In addition, we maintain certain 

lists containing nodes x for which Ll(x)  or L2(x) is nonempty. These structures 
enable us to reduce the total time for choosing appropriate arcs leaving A and 

computing minima in (6.2) during an outer iteration to O(n 2 + m l o g  n). Also one 

can organize restorations of gt on arcs from ~ r  to ~l  r diring an outer iteration 

so that  they takes O(n 2) time. This gives time O(n 3 + n m l o g  n) for the whole 
algorithm. Unfortunately, limits of the paper do not allow us to come into details 
of this improved version. To compare: the Bellman-Ford method for the usual 
shortest path problem with arbitrary lengths runs in time O(nm) [2,9,22], and the 

scaling algorithm in [13] in time O(x/~mlog N), where - N  is a lower bound on the 
arc lengths. 

Dual half integrality. In conclusion of this section we show that  the algorithm for 
SRPP implies Theorem 3.4. (This can be also derived from a theorem on dual 
half-integrality for the weighted perfect matching problem.) It suffices to prove the 
following lemma. 

Lemma 6.2. I f  the current functions ~r and ~ are half-integral and ~r(t ~) -Tr(t) is an 
integer before executing the transformation in Case 4, then the number e in (6.2) 
is a half-integer. 

Proof. Since el and ~3 are obviously half-integral, the lemma will follow from the 
fact that  r is an integer. To see the latter, consider an arc e E (A, A I) - Y. We 

know that  g~(a)--0 for all arcs in T and T t. This and (3.8) imply that  there is a t 

to t ~ path P in H such that P contains e and all other arcs of P have zero modified 
length. Then 

g'(e) = ~'(P) = g(P) + ~(t) - ,~(t') + ~ ( ~ ( r ) >  "Xv : r e 3"). 

Since g(P) and re(t) -Tr(t') are integers, ~ is half-integral and Xr'XP is even for any 

r E 3 "  (as t,t '  ([Vr), we conclude that  g'(e) is an integer. I 
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As mentioned in the Introduction, RRP can be reduced to a certain matching 
problem in a way similar to that described in [26] for its node-regular analog. 

Given a skew-symmetric graph G-= (V,E) and symmetric nodes s and J ,  we form 

an undirected graph H =  (T,U) as follows. The set T consists of t , t  / and nodes va 
corresponding to arcs a C E .  The set U is M U Y U W U W  p, where 

(i) M consists of edges {Va,Va, } for each pair {a,a'} of mates in E; 

(ii) Y consists of edges {Va,Vb,} for a, b E E such that the head of a coincides 
with the tail of b; 

(iii) W consists of edges {t,Va, } for a C E  such that s is the tail of a; 

(iv) W '  consists of edges {Va,#} for a E E  such that s I is the head of a. 

Because of the symmetry, pairs {a,b} and {bl,a t} generate parallel edges in 
(ii); we identify these edges. Clearly M is a matching in H covering all nodes 

except t and t J. A regular path P =  ( xo ,a l ,X l , . . . , ak ,Xk )  from s = x  0 to s I = x  k 
in G corresponds to the path ~ ( P )  from t to # in H given by the sequence 
(t, Va~,Val,Va~,...,Va~,Vak,t); moreover, k~(P) is alternating, i.e., ~ ( P )  is simple 

and each odd or each even edge in it is in M. One can see that  @ gives a one-to-one 
correspondence between the simple r-paths from s to s p in G and the alternating 
paths from t to t ~ in H. Therefore RRP is equivalent to the problem of finding an 
alternating path from t to t ~ in H. From the algorithmic viewpoint, however, this 
reduction is expensive since IT I = IEI + 2  and IUt can be significantly larger than 
IEI. We leave it to the interested reader to derive Theorems 2.1, 2.3 and Lemma 
2.2 from classic results on matchings. 

This reduction is extended to NSRPP as follows. For e E U, define #(e) to be 
zero if e �9 M,  (g(a) +g(b))/2 if e = {Va,Vb, } �9 Y ,  and ~(a)/2 if e = {t, Va, } �9 W or 

e = {va,t  I} �9 W' .  Then for any r-cycle or any t to t ~ r-path P in G, •(P) is equal 
to the length of ~ ( P )  with respect to #. To solve our problem, we find a minimum 

weight perfect matching M t for H,#.  Clearly the symmetric difference M A M  ~ 
consists of a simple path Q containing t and #, and a (possibly empty) collection 

of palrwise disjoint cycles C] , . . . ,  C k of zero weight p. Thus, P = ~ - I ( Q )  satisfies 

g(P) = # ( Q ) = p ( M ' ) ,  and P is a shortest r-path from s to s' in G. 

Now consider the general case of SRPP. We first determine whether (G,f)  is r- 

conservative. Connect t and t ~ by an edge e0 with a negative length of large absolute 

value, obtaining H and ft. Find a minimum weight perfect matching M t for ~r, fi. 
By the choice of ~(e0), M'  must contain e0. We observe that  (G,g) is r-conservative 
if and only if M A M  I has no negative weight cycles. If (G,~) is r-conservative, we 
proceed in the same way as for nonnegative g. Theorem 3.2 and Corollary 3.3 can 
be derived (though this is difficult) from classic results of Edmonds on weighted 
matchings [6]. 
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Next we give applications of RRP and SRPP to matching problems. First we 
consider an augmenting path problem. Suppose we are given an undirected graph 
H = (T, U) and a matching M in it, and let Z C U be the set of nodes not covered by 
M. We are interested in finding an alternating path connecting two distinct nodes 
in Z. Such a problem is reduced to RRP for G=(V,E) ,  s, s p as follows. The set V 
is obtained by splitting each v E T into two nodes vl and v2, and adding two more 
nodes, s and s p. The set E consists of the arcs (ul,v2) and (Vl,U2) for each edge 
{ u , v } e U - M ,  the arcs (u2,Vl) and (v2,Ul) for each edge { u , v } e M ,  and the arcs 

(S,Vl) and (v2,J)  for each v C Z. One can see that  there is a natural  one-to-one 
correspondence between the alternating paths in H connecting distinct nodes of Z 
and the r-paths from s to s' in G. Note also that  IVI =O([T]) and [E I-~O(IUI) , so 
the algorithm of Section 4 solves the augmenting path problem in linear time. 

Now suppose that,  in addition to H and M, we are given a weighting # : U --* R, 
and we wish to find a minimum weight alternating path Q connecting distinct nodes 
of Z, or show that there is an alternating cycle C of negative weight. To solve this 
problem, for each arc a E E obtained from an edge e C U, define g(a) = #(e),  and 
for the other arcs a E E define g(a) = 0. Then the problem is reduced to SRPP for 
G,s,st,g. 

Consider the following problem: given an undirected graph H t = (T~,U ~) 
with nonnegative weights on its edges and an element (node or edge) x in it, 
find a shortest odd cycle going through x. This problem reduces to the shortest 
augmenting path problem with only O(1) increase in the problem size (see, e.g., 
[16], Section 8.3.6). A similar reduction applies if we are interested in an even cycle 
through an edge, or an odd or even path connecting prescribed nodes. Thus, the 
algorithm in Section 5 solves each of these problenls in time O(I Up] log [T'l). 
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